In this paper, under the new condition we show that the convergence of the modified Mann and Ishikawa iterations is equivalent for uniformly L-Lipschitz asymptotically pseudocontractive mappings in real Banach spaces. Our results extend and improve the corresponding results of Zeng (Acta Math. Sin. 47:219-228, 2004). MSC: 47H09; 47H10
Introduction and preliminaries

Throughout the paper, we assume that E is an arbitrary real Banach space, D is a nonempty closed convex subset of E, T : D → D is a self-mapping and F(T) is the fixed point set of T, i.e., F(T)
= {x ∈ D : Tx = x}. Let J denote the normalized duality mapping from E to  E * defined by
where E * denotes the dual space of E and ·, · denotes the generalized duality pairing. The single-valued normalized duality mapping is denoted by j. Obviously, an asymptotically nonexpansive mapping is both asymptotically pseudocontractive and uniformly L-Lipschitz, but the converse is not true in general. For more details on uniformly L-Lipschitz asymptotically nonexpansive and asymptotically pseudocontractive mappings, see [-] and [-].
Definition . (see []) () A mapping T is said to be uniformly L-Lipschitz
Definition . (see [] ) For any u  , x  ∈ D, the sequences {u n } and {x n } in D defined by u n+ = ( -a n )u n + a n T n u n , ∀n ≥ , (.) and ⎧ ⎨ ⎩ y n = ( -b n )x n + b n T n x n ,
x n+ = ( -a n )x n + a n T n y n , ∀n ≥ , ( 
(T) and there exists a strictly increasing function
where j(x n+ -q) ∈ J(x n+ -q), then {x n } converges strongly to a fixed point q of T. (a) a n →  as n → ∞ and
where j(x n+ -q) ∈ J(x n+ -q), then {x n } converges strongly to the fixed point q of T. 
It is worth mentioning that the result of Chang [] is different from that of Zeng [].
This can be seen from the following example.
Example . Set
Then a n →  as n → ∞, ∞ n= a n = ∞ and
Then a n , b n →  as n → ∞ and
The aim of this paper is to extend and improve Theorem . and Theorem .. For this, we need to use the following lemmas.
Lemma . []
Let E be a real Banach space and J : E →  E * be a normalized duality mapping. Then, for all x, y ∈ E and j(x + y) ∈ J(x + y),
Let {a n }, {b n } and {c n } be three nonnegative real sequences satisfying
∞ n= c n < ∞, then lim n→∞ a n exists.
Main results
Now, we give the main results in this paper.
Theorem . Let D be a nonempty closed convex subset of E and T : D → D be a uniformly L-Lipschitz asymptotically pseudocontractive mapping with a sequence {k
(a) a n →  as n → ∞ and
the modified Mann iteration defined by (.). If F(T) = ∅, q ∈ F(T) and there exists a strictly increasing continuous function
where j(u n+ -q) ∈ J(u n+ -q), then {u n } converges strongly to a fixed point q of T.
Proof Applying (.) and Lemma ., we have
(  .  ) http://www.journalofinequalitiesandapplications.com/content/2013/1/188
Observe that
Since a n →  and k n →  as n → ∞, without loss of generality, we assume that
On the other hand, from (.), we have
It follows from (.) that
which is a contradiction, and so δ = . Thus, there exists a subsequence
Thus, lim i→∞ ( u n i + -q ) = . By the strictly increasing continuous function , we obtain that lim i→∞ u n i + -q =  and so lim n→∞ u n -q = . This completes the proof. (a) a n →  as n → ∞ and 
where j(x n+ -u n+ ) ∈ J(x n+ -u n+ ). Then the following two assertions are equivalent: http://www.journalofinequalitiesandapplications.com/content/2013/1/188 () {u n } converges strongly to the fixed point q of T.
() {x n } converges strongly to the fixed point q of T.
Proof If the iteration (.) converges to a fixed point q, then, by putting b n = , we can get the convergence of the iteration (.).
Conversely, we only need to prove that the iteration (.) ⇒ the iteration (.), i.e., u nq →  as n → ∞ ⇒ x n -q →  as n → ∞. Here, without loss of generality, let u n -
Applying the iterations (.), (.) and Lemma ., we have
 + a n LA n x n -u n  + a n LA n + a n LB n + a
Since a n , b n , A n , B n , k n - →  as n → ∞, without loss of generality, we assume that
Then (.) implies that
On the other hand, from (.), it follows that
It follows from (.) that
Thus, lim i→∞ ( x n i + -u n i + ) = . By the strictly increasing continuous function , we obtain that lim i→∞ x n i + -u n i + =  and so lim n→∞ x n -u n = . Using the inequality x n -q ≤ x n -u n + u n -q →  as n → ∞, we know that x n → q as n → ∞. This completes the proof. (a) a n →  as n → ∞ and 
where j(x n+ -q) ∈ J(x n+ -q). Then {x n } converges strongly to the fixed point q of T.
Proof By Theorem . and Theorem ., we obtain the proof of Theorem .. 
Remark . Since the condition
(.) http://www.journalofinequalitiesandapplications.com/content/2013/1/188
If the condition (.) is replaced by the following inequality:
then T is called a generalized asymptotically ϕ-hemi-contractive mapping. Clearly, if T is a generalized asymptotically asymptotically ϕ-hemi-contractive, then T must be a weak generalized asymptotically asymptotically ϕ-hemi-contractive mapping. However, the converse is not true in general. This can be seen from the following examples. Then T is a weak generalized asymptotically ϕ-hemi-contraction, but not a generalized asymptotically -hemi-contraction with n = .
